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Abstract. We extend knot contact homology to a theory over the ring 
Z[X^^ , fi^^], with the invariant given topologically and combinatorially. 
The improved invariant, which is defined for framed knots in and can 
be generalized to knots in arbitrary manifolds, distinguishes the unknot 
and can distinguish mutants. It contains the Alexander polynomial and 
naturally produces a two-variable polynomial knot invariant which is 
related to the A-polynomial. 



1. Introduction 

This may be viewed as the third in a series of papers on knot contact 
homology, foUowing [15\ I16j. In this paper, we extend the knot invariants 
of \15\ I16j . which were defined over the base ring Z, to invariants over the 
larger ring Z[A^^,//^^]. The new invariants, defined both for knots in 
or and for more general knots, contain a large amount of information 
not contained in the original formulation of knot contact homology, which 
corresponds to specifying A = // = 1. We will recapitulate definitions from 
the previous papers where necessary, so that the results from this paper can 
hopefully be understood independently of [El [16], although some proofs rely 
heavily on the previous papers. 

The motivation for the invariant given by knot contact homology comes 
from symplectic geometry and in particular the Symplectic Field Theory of 
Eliashberg, Givental, and Hofer [8j . Our approach in this paper and its pre- 
decessors is to view the invariant topologically and combinatorially, without 
using the language of symplectic topology. Work is currently in progress to 
show that the invariant defined here does actually give the "Legendrian con- 
tact homology" of a certain canonically defined object. For more details, see 
[15\ §3] or the end of this section, where we place the current work in context 
within the general subject of holomorphic curves in symplectic manifolds. 

We introduce the invariant in Section [2j For a knot in M^, the form for the 
invariant which carries the most information is a differential graded algebra 
over IjIX^^ , id^^], which we call the framed knot DGA, modulo an equivalence 
relation known in contact geometry as stable tame isomorphism, which is a 
special case of quasi-isomorphism. We can define this algebra in terms of a 
braid whose closure is the desired knot; this is the version of the invariant 
which is directly derived from considerations in contact geometry. There is 
a slightly more natural definition for the framed knot DGA in terms of a 

1 



2 



L. NG 



diagram of the knot, but a satisfying topological interpretation for the full 
invariant has yet to be discovered. 

We refer to the homology of the framed knot DGA, which is also a knot 
invariant, as framed knot contact homology. The most tractable piece of 
information which can be extracted from the framed knot DGA is the degree 
piece of this homology, which we call the cord algebra of the knot because it 
affords a natural topological reformulation in terms of cords, in the spirit of 
[TBj . The cord algebra can easily be extended to knots in arbitrary manifolds 
using homotopy groups, specifically the peripheral information attached to 
the knot group. It seems likely that this general cord algebra measures 
the degree part of the corresponding Legendrian contact homology, as for 
knots in S^, but a proof would need to expand our current technology for 
calculating contact homology. 

The framed knot DGA contains a fair amount of "classical" information 
about the knot. In particular, one can deduce the Alexander polynomial 
from a certain canonical linearization of the algebra. More interestingly, one 
can use the framed knot DGA, or indeed the cord algebra derived from it, to 
define a two- variable polynomial knot invariant which we call the augmenta- 
tion polynomial. The augmentation polynomial, in turn, has a factor which 
is the well-studied ^-polynomial introduced in [2] . In particular, a result of 
Dunfield and Garoufalidis [3j about the nontriviality of the ^-polynomial 
implies that the cord algebra (and hence framed knot contact homology) 
distinguishes the unknot from all other knots. There is a close relationship 
between knot contact homology and SL2C representations of the knot com- 
plement, as evidenced by the link to the ^-polynomial, but there does not 
seem to be an interpretation for the framed knot DGA purely in terms of 
character varieties. 

On a related topic, the cord algebra is a reasonably effective tool to distin- 
guish knots. Certainly it can tell apart knots which have different Alexander 
polynomials, and it can also distinguish mirrors (e.g., left handed and right 
handed trefoils). It can even distinguish knots which have the same A- 
polynomial, such as the Kinoshita-Terasaka knot and its Conway mutant. 
The tool used to produce such results is a collection of numerical invariants 
derived from the cord algebra, called augmentation numbers, which can be 
readily calculated by computer. It is even remotely possible that the cord 
algebra could be a complete knot invariant. 

Here is an outline of the paper. Section [2] contains the various definitions 
of the knot invariant, and the nontrivial portions of the proofs of their in- 
variance and equivalence are given in Section [3l In Section UJ we discuss 
properties of the invariant, including the aforementioned relation with the 
Alexander polynomial. Section [5] examines some information which can be 
extracted from the invariant, including augmentation numbers and the aug- 
mentation polynomial, and discusses the relation with the ^-polynomial. 
Section [6] outlines extensions of the invariant to various other contexts, in- 
cluding spatial graphs and higher-dimensional knots. 



FRAMED KNOT CONTACT HOMOLOGY 



3 



We conclude this section with some remarks about the contact geometry 
of the framed knot DGA. As discussed in [15], the knot DGA of a knot 
in measures the Legendrian contact homology of a naturally defined 
Legendrian torus (the unit conormal to the knot) in the contact manifold 
ST*M.^. In its most general form (see [9]), Legendrian contact homology is 
defined over the group ring of the first homology group of the Legendrian 
submanifold: briefly, the group ring coefficients arise from considering the 
boundaries of the holomorphic disks used in Legendrian contact homology, 
which lie in the Legendrian submanifold and can be closed to closed curves 
by adding capping paths joining endpoints of Reeb chords. 

In our case, the Legendrian torus is essentially the boundary of a tubular 
neighborhood of the knot, and the group ring Zi7i(T^) can be identified 
with Z[A^^,/i^^] once we choose a framing for the knot. The resulting 
DGA, whose homology is the Legendrian contact homology of the Legen- 
drian torus, is precisely the framed knot DGA defined above; this result is 
the focus of an upcoming paper of Ekholm, Etnyre, Sullivan, and the author. 

Since its introduction by Eliashberg and Hofer [7], Legendrian contact 
homology has been studied in many papers, including [U SI [9l 113] • Much 
of this work has focused on the lowest dimensional case, that of Legendrian 
knots in standard contact (or other contact three- manifolds) . The present 
manuscript, along with its predecessors [15\ I16j . comprises one of the first 
instances of a reasonably nontrivial and involved computation of Legendrian 
contact homology in higher dimensions; see also [5]- (This statement tacitly 
assumes the pending result, mentioned above, that the combinatorial version 
of knot contact homology presented here agrees with the geometric version 
from contact topology.) 

Beyond its implications for knot theory, the Legendrian contact homology 
in this case is interesting because it has several features not previously ob- 
served in the subject. In particular, the use of group ring coefficients in our 
setting is crucial for applications, whereas the author currently knows of no 
applications of group ring coefficients for, say, the theory of one-dimensional 
Legendrian knots. 

Acknowledgments. I would like to thank Tobias Ekholm, Yasha Eliash- 
berg, John Etnyre, Tom Mrowka, Colin Rourke, Mike Sullivan, and Ravi 
Vakil for useful discussions. This work was supported by an American In- 
stitute of Mathematics Five- Year Fehowship and NSF grant FRG-0244663. 

2. The Invariant 

We will give four interpretations of the invariant. The first, in terms of 
homotopy groups, generalizes the version of the cord ring given in the appen- 
dix to [16j. The second, in terms of cords, generalizes the original definition 
of the cord ring in [16j . The third, in terms of a braid representation of the 
knot, and the fourth, in terms of a knot diagram, extend the definition of 
knot contact homology and the knot DGA from |15j . 



4 



L. NG 



Throughout this section, we work with noncommutative algebras, but for 
the purposes of our appUcations, one could just as well abelianize and work in 
the commutative category. (Note that for the full DGA, abelianizing forces 
us to work over a ring containing Q [9].) This is in contrast to the situation 
of Legendrian knots in M^, where it is sometimes advantageous to exploit 
noncommutativity [14|. It is possible that one could use the noncommutative 
structure for the cord algebra or framed knot DGA to distinguish a knot 
from its inverse; see Section [4.11 

2.1. Homotopy interpretation. This version of the invariant has the ad- 
vantage of being defined in the most general setup. 

Let K C M he a. connected codimension 2 submanifold of any smooth 
manifold, equipped with an orientation of the normal bundle to K in M. 
Denote by i^{K) a tubular neighborhood of K in M, and choose a point xq on 
the boundary d{u[K)). The orientation of the normal bundle determines an 
element m G 'Ki{dvK,XQ) given by the oriented fiber of the bundle duK 
over K. The inclusion i : dvK ^ M\K induces a map : 7ri(9z^X, j;o) ~^ 
7ri(M\K,xo). 

Denote by -R = 'LHi{duK) the group ring of the homology group Hi^duK), 
with coefficients in Z; the usual abelianization map from vri to Hi yields 
a map p : ■Ki{dh'K, xq) R. Let A denote the tensor algebra over R 
freely generated by the elements of the group 7ri(M \K,xo), where we view 
7ri(M \ K,xo) as a set. We write the image of 7 G ■ki{M \ K,xo) in A as 
[7]; then A is generated as an i?-module by words of the form [71] • • • [yk], 
k>0. (Note that [7172] ^ [71] [72] in A.) 

Definition 2.1. Let I C A he the subalgebra generated by the following 
elements of A: 

(1) [e] — 1 —p{m), where e is the identity in iti{M \ K) and 1 is the unit 
in A; 

(2) [7/-* (7')] -p{l')[l] and [t*(7')7] -p{l')[l]i for any 7' G iTi{di^K) and 
7G7ri(M\K); 

(3) [7172] + [yii^*{m)-f2] - [71] • [72], for any 71,72 G 7ri(M \ K). 
The cord algebra K C M is the algebra A/I, over the ring R. 

This algebra, modulo isomorphism fixing the base ring R, is evidently an 
isotopy invariant of K. We note that the relation [e] = 1 + p{m) in A/I is 
chosen to give consistency between the other two relations; the third relation 
gives 

[71] [e] = [71 e] + hiL*{m)e] = [71] + [7it*(m)] 

for 71 G 7ri(M \ K), while the second relation gives [71] + [7it*(m)] = 
(1 +p(m))[7i]. 

In our case of interest, K is an oriented knot in M = 5"^ (or R'^), duK 
is topologically a 2-torus, and Hi{dvK) = 1? . A framing of K gives a set 
{A, \i\ of generators of li\(dvK\ where A is the longitude of K and // is the 
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meridian. Given a framing, we can hence identify R = "LHii^duK) with the 



Definition 2.2. Let K <Z he a, framed knot, and let /,m denote the ho- 
motopy classes of the longitude and meridian of K in 'Ki[S'^\K). The framed 
cord algebra of K is the tensor algebra over Z[A^"'^, /x^^] freely generated by 
7ri(5'^ \ K), modulo the relations 

(1) [e] = l + ii- 

(2) [7m] = [7717] = /x[7] and [7/] = M = A^, for 7 G tii{S^ \ K); 

(3) [7172] + [71 "^72] = [7i][72], for 71,72 G vri(5'^ \ K). 

It is clear that, for framed knots, this definition agrees with Definition 12.11 
above. 

A few remarks are in order. First, the condition [7m] = [7717] = /i[7] in 
([2|) of Definition 12.21 is actually unnecessary since it follows from ([T|) and ([3]) 
with (71,72) = (7,e) or (e,7). 

Second, changing the framing of the knot by G Z has the effect of 
replacing A by X^^ in the cord algebra. If we change K to the mirror of K, 
with the corresponding framing, then the cord algebra changes by replacing 
/i by /U~^; if we reverse the orientation of K, then the cord algebra changes 
by replacing A by A~^ and 11 by 

Finally, as an illustration of Definition 12.21 we compute the framed cord 
algebra for the 0-framed unknot in S^. Here 7ri(S^ \-^) — Z is generated by 
the meridian m, and the relations in Definition 12.21 implv that [e] = 1 + /i, 
[m] = ^[e], and [e] = A[e], and so the framed cord algebra is 



2.2. Cord interpretation. The homotopy definition of the cord algebra 
given above is perhaps not the most useful formulation from a computational 
standpoint. Here we give another topological definition of the cord algebra, 
in terms of the paths which we termed "cords" in [16j. 

Definition 2.3. Let C S"^ be an oriented knot, and let * be a fixed 
point on K. A cord of {K, *) is any continuous path 7 : [0, 1] with 
^^^{K) = {0,1} and 7~^({*}) = 0- Let Ak denote the tensor algebra 
over Z[A^-'^, /z^-^] freely generated by the set of homotopy classes of cords of 



Note that this definition differs slightly from the definition of cords in 
|16| . As in [16], we distinguish between a knot and its cords in diagrams by 
drawing the knot more thickly. 

In Aki we define skein relations as follows: 



ring Z[A±i,/i±i]. 



Z[A±i,A.±V((A-l)(/i + l)). 



(1) 
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and 



A 




(3) ^ + ^ 




X 



These diagrams are understood to depict some neighborhood in 5^ outside 
of which the diagrams agree. To clarify the diagrams, if one pushes either 
of the cords on the left hand side of ([3]) to intersect the knot, then the cord 
splits into the two cords on the right hand side of (l3|); also, the cord in 
([1]) is any contractible cord. Note that the skein relations are considered as 
diagrams in space rather than in the plane. For example, (I3D is equivalent 
to 



even though the two relations are not the same when interpreted as plane 
diagrams. 

Definition 2.4. The cord algebra of [K, *) is Ak modulo the relations ([T]), 
P, and da]). 

Note that the definition of the cord algebra of {K^ *), if we set A = /x = 1, 
is the same as the definition of the cord ring of K from p!6] , after we change 
variables by replacing every cord by —1 times itself. 

Proposition 2.5. The cord algebra of (K, *) is independent, up to isomor- 
phism, of the choice of the point *, and is isomorphic to the framed cord 
algebra of Definition \2.S\ when K C is given the framing. 

Proof. To see the isomorphism between the algebras specified by Defini- 
tions 12.21 and 12.41 connect the base point xq G duK from the homotopy 
interpretation to a nearby point x £ K (with x ^ *) via some path. By 
conjugating by this path, we can associate, to any loop 7 representing an 
element of vri(S''^ \ K,xq), a cord 7 beginning and ending at x, and homo- 
topic loops are mapped to homotopic cords. The map from the framed cord 
algebra with framing to the cord algebra of Definition 12.41 sends [7] to 
^ik(7.^) [^^] ^ where Ik is the linking number. It is easily verified that this 
map is an isomorphism. Note that the framing is necessary so that a 
cord following the longitude of K is identified with A times the contractible 
cord. □ 

It follows readily from Definition 12.41 that the cord algebra of a knot K is 
finitely generated and finitely presented. Any cord, in fact, can be expressed 
in terms of the so-called minimal binormal chords of the knot, which are the 
local length minimizers among the line segments beginning and ending on 
the knot (imagine a general cord as a rubber band and pull it tight). For a 
description of how we can calculate the cord algebra from a diagram of the 
knot, see Section [2741 
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2.3. Differential graded algebra interpretation I. This version of the 
invariant is the original one, derived from holomorphic curve theory and 
contact homology. The invariant we define here is actually "better" than 
the cord algebra defined above; it is a differential graded algebra whose 
homology in degree is the cord algebra. It is an open question to develop 
a topological interpretation for the full differential graded algebra, using 
cords or homotopy groups as in Sections 12.11 and 12. 2[ 

We recall some definitions from slightly modified for our purposes. 
Let Bn be the braid group on n strands, and let An denote the tensor 
algebra over Ij[X^^,^^^] freely generated by the n(n — 1) generators aij, 
with 1 < i, j < n and i ^ j. There is a representation (j) : i?„ — > Aut^„ 
defined on the usual generators cxi, . . . , On-i of Bn as follows: 





—a-k+i,i 


— CLk+l,kaki 


i^k,k + l 




— aj,fc+i 


— aikak,k+i 


i^k,k + l 


<lk+l,i ^ 


«fci 




i^k,k + l 


a-i,k+l ^ 


«ifc 




k,k + l 


0'k,k+l 
















aij 1- 


-4 aij 




i,j ^k,k + l 



Write (pB 8iS the image of a braid B € Bn under cp. There is a similar repre- 
sentation (j)'^^^ : Bn — > Aut An+i given by the composition of the inclusion 
Bn ^ -Bn+i with the map (p on -B„+i, where the inclusion adds a strand 
we label * to the n-strand braid. For B G Bn, we can then define n x n 
matrices with coefficients in An by the defining relations 

n n 

(I^B^ai^) = ^i'^B)ijaj* and (Af *(a*j) = ^ a*i(^>^)ij . 
j=i i=i 

Fix a braid B G Bn- Let A be the graded tensor algebra over Z[A^^, /x^^] 
generated by: aij, 1 < i,j < n, i j, of degree 0; bij and Cij, 1 < i,j < n, 
of degree 1; and dij, I < i, j < n, and ei, 1 < i < n, of degree 2. (Note that 
A contains A subalgebra.) Assemble the o, b, c, d generators of A into 
n X n matrices as follows: B = (bij), C = (cij), D = (dij), and A = {a[j), 
where 

fiaij, i < j 
aij, i > j 

-1 - ^ = 3- 

(The matrix B is only tangentially related to the braid B; the distinction 
should be clear from context.) Also define A to be the nxn diagonal matrix 
diag(A, 1,... ,1). 
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Definition 2.6. Let B G Bn, and let A be the algebra given above. Define 
a differential d on the generators of A by 

5^ = 

(9S = (l-A-^>^)-^ 

dC = A ■ {1 - <!>^ ■ A-^) 

dD = B-{l-<!>^-A-^)-{l-A-^^)-C 

dei = iB + A-^^-C)u, 

where • denotes matrix multiplication, and extend d to A via linearity over 
7j[X^^,fi^^ and the (signed) Leibniz rule. Then {A,d) is the framed knot 
DGA of B. 

Here "DGA" is the abbreviation commonly used in the subject for a 
(semifree) differential graded algebra. We remark that if we set X = ^ = 1, 
we recover the definition of the knot DGA over Z from |15j . 

There is a standard notion of equivalence between DGAs known as stable 
tame isomorphism, originally due to Chekanov [1] ; we now briefly review its 
definition, in the version which we need. Note that an important property 
of stable tame isomorphism is that it preserves homology (see |9]). 

Suppose that we have two DGAs {A,d) and {A',d'), where A, A' are 
tensor algebras over Z[X^^, n^^] generated by ai, . . . , a„ and a[, . . . , a^, re- 
spectively. An algebra map tp : ^ ^ is an elementary isomorphism if it 
is a graded chain map and, for some i, 

ip{ai) = aa[ + v 

ip{aj) = a'j for all j ^ i, 

where a is a unit in Z[A^^,/i^^] and v is in the subalgebra of A' generated 
by o'^, . . . , a[_i, a^+i, . . . , a'^. A tame isomorphism between DGAs is a com- 
position of elementary isomorphisms. Let (£'%0*) be the tensor algebra on 
two generators e\ , , with deg e\ — 1 = deg e^ = i and differential induced 
by d^e\ = 62,9*62 = 0. The degree-i algebraic stabilization of a DGA {A,d) 
is the coproduct of A with with the differential induced from d and 
(9*. Finally, two DGAs are stable tame isomorphic if they are tamely iso- 
morphic after some (possibly trivial, possibly different) number of algebraic 
stabilizations of each. 

We can now state the invariance result for framed knot DGAs. For any 
braid B € Bn, define the writhe w{B), as usual, to be the sum of the 
exponents of the word in ai, . . . , an~i comprising B. 

Theorem 2.7. // braids B and B' have isotopic knot closures, then the 
framed knot DGA for B' is stable tame isomorphic to the DGA obtained by 
replacing X by Xfj,"^^^ )-'^{^) in tfig framed knot DGA for B. 

We defer the proof of Theorem 12.71 to Section 13.11 
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Definition 2.8. Let K C he a knot. The f -framed knot DGA of K is 
the (stable tame isomorphism class of the) framed knot DGA of any braid 
B whose closure is K and which has writhe /. We will often refer to the 
0-framed knot DGA, which can be obtained from the /-framed knot DGA 
by replacing A by , as the framed knot DGA. 

Since mirroring affects the framed knot DGA nontrivially, Definition 12.81 is 
not completely clear until we specify what positive and negative braid cross- 
ings look like when the braid is embedded in M^. We choose the convention 
that a positive crossing in a braid (i.e., a generator ak) is one in which 
the strands rotate around each other counterclockwise. Thus the writhe 
of a braid is negative the writhe of the knot which is its closure; we will 
henceforth only use the term "writhe" vis-a-vis braids. 

Since stable tame isomorphic DGAs have isomorphic homology, the ho- 
mology of the framed knot DGA produces another framed knot invariant. 

Definition 2.9. Let K he a, framed knot in S'^ with framing /, or a knot 
with framing if no framing is specified. The framed knot contact homology 
of denoted HC^{K)^ is the graded homology of the framed knot DGA of 
K. 

Note that HC^{K) only exists in dimensions * > 0. The following result 
connects the invariant defined in this section to the invariants from the two 
previous sections. 

Theorem 2.10. Let K <Z S'^ be a knot. Then the degree framed knot con- 
tact homology HCq{K), viewed as an algebra over Z[A^^, /i^"*^], is isomorphic 
to the cord algebra of K . 

We will indicate a proof of Theorem 12.101 in Section 13.21 

Corollary 2.11 (cf. [15^ Prop. 4.2]). If B £ B„ is a braid which has closure 
K, then the cord algebra of K is the result of replacing A by Xfi~^^^^ in 
An/I, where I is the subalgebra generated by the entries of the matrices 
{l-A-<^>^)-AandA-{l-^^- A'^). 

Potentially the framed knot DGA of a knot contains much more infor- 
mation than the cord algebra. However, it seems difficult to compute HC^, 
for * > 0, and it remains an open question whether stable tame isomor- 
phism is a stronger relation than quasi-isomorphism (i.e., having isomorphic 
homology) . 

As an example, we compute the cord algebra for the left handed trefoil, 
which is the closure of the braid erf € i?2 • As calculated in pTS] , we have 

(jjL _ ('2021-0.210120121 1-021012 „„A (f,R _ (' 2oi2 -O12O21 ai2 -I+012021 ^ 

^af \ -1+012021 012 ; '^'-'■^ ^a'f \ 1-021012 021 ; ' 
and hence HCq is A2 modulo the entries of the matrices 

■,L \ ^ — 1— ^i+A(l+2/i)o2i — A/ja2ioi202i A+A/j+/^oi2— A{l+3/^)a2iai2+A^02iai2a2ioi2 

-MO12021O12 



— — I -i-M+^lJ^-l-^^^j02i— A/ja2ioi202i A-hA/j-h/^ai2-A^i+j/^;a2iQ 

V af' ~ y -l-/i+02i+Atoi2a2i -l-/i+(l+2/i)ai2 - 
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Figure 1. Labeling the strands at a knot crossing. The left 
diagram is crossing i for i >2; the center and right diagrams 
are crossing 1 for ei = 1 and ei = —1, respectively. 



and 



A -'(-A-A/x+(2+/i)ai2~ai2a2iai2) 



-1— ^+/^ai2+ai2a2i 



'^1 \ A^-'-(l+/i+Aa2i — (3+/i)a2iai2+a2iai2a2iai2) -l-A'+a2i+(2+/i)a2i-a2iai2a2l 

once we replace A by Xfj,"^. As in the computation from [15j . it follows that 



in HCf), we have 021 = ai2 — fi + I, and, setting ai2 = x, we find that 
HCoiLR trefoil) ^ (Z[A±\ A/i^x-^^x-A^^^A). 
We can then deduce HCq for the right handed trefoil by replacing fi by /x^^: 
FCo(RH trefoil) ^ (Z[A±\ /i±i])[x]/((x-l)(x+/u2 + /i), A^x-x+A/i^-A/i). 

2.4. Differential graded algebra interpretation II. The definition of 
the framed knot DGA from Section [2.31 is somewhat formal and inscrutable. 
Here we give another formulation for the DGA, using a diagram of the knot 
rather than a braid presentation. This is based on the cord formulation for 
the invariant, and improves on Section 4.4 of [16]. 

We first describe how to use a knot diagram to calculate the cord algebra. 
Suppose that we have a knot diagram of K with n crossings; see Figure [H 
The crossings divide the diagram of the knot into n connected components, 
which we label 1, . . . , n; also number the crossings 1, . . . , n in some way. 
Crossing a can be represented as (oq, /q, Tq,), where Oq is the overcrossing 
strand, and la and Tq, are the left and right undercrossing strands from the 
point of view of the orientation on Oq,. Choose the point * of Definition 12.41 
to be the undercrossing point of crossing 1, and define ei to be 1 if crossing 
1 is a positive crossing, and —1 if it is negative. 

Let An denote the tensor algebra over Z[A^^, /i^^] generated by aij, where 
^ < i, j < n and i / j, and set an = l+fi for 1 < i < n. Define Xj^^^"^*^™ C An 
to be the subalgebra generated by the following: 



01 "OlJ) 



2 < i < n and 1 < j < 
1 < J < 



This subalgebra is constructed to contain all of the relations imposed by ([3]) 
of Definition [23 see also [El §4.4]. 



Proposition 2.12. The cord algebra of (K,*) is given by 



Proof. Same as the proof of Proposition 4.8 in [16j . 



□ 
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Figure 2. A diagram of the right hand trefoil, with com- 
ponents and crossings labeled. 



We can express the relations defining j'^^s'^'^^ more neatly in terms of 
matrices. Write Xij for the n x n matrix which has 1 in the ij entry and 
everywhere else. Let , , , be the n x n matrices given 

as follows: 

a Q 

This definition may seem a bit daunting, but notice that the matrices ^ are 
quite sparse; for example, (resp. has at most three nonzero entries 
in each row (resp. column). 

Also, assemble the generators of An into a matrix A with An = 1 + /x 
and Aij = Uij for i ^ j. (Note that this is slightly different than the matrix 
A from Section [2.3i ) Then the generators of T^''^^'^'^™ are the entries of the 
matrices 

For example, for the right handed trefoil shown in Figure [2l we have 

J- ( A~l -a23 \ n ( ^ \ 

^' = I -asi 1 ii 1 and ^' = I 1 I . If we set the entries 

V M ~ai2 1 J V "''32 1 M / 

of ■ A and A ■ equal to 0, we find that 023 = 021, 032 = ai2, ai3 = ai2, 
flsi = 121, Aa3i = 032, A~^ai3 = 023. Setting 012 = x, we can use the 
relations to compute that the cord ring of the right hand trefoil is 

{Z[X^'^,l2^^])[x]/{x^ - X - _ _Xfix-X- A^). 

This agrees with the expression given in Section 12.31 after we change vari- 
ables X — > —fi~^x. 

We now construct a differential graded algebra whose degree homology 
is the cord algebra. Similarly to Section 12.31 the algebra is the graded tensor 
algebra over Z[X^^,fi^^] generated by: a^j, I < i j < n, of degree 0; bai 
and Cia, I < a,i < n, of degree 1; and da/3, f 1^ ot, (3 < n, and e^, 1 < a < n. 
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of degree 2. The differential is given by: 

dB = -A 



dC 



A ■ ^ 



R 



dD 



Proposition 2.13. This defines a differential, and the resulting differential 
graded algebra is stable tame isomorphic to the framed knot DGA. 

The author's current proof of Proposition l2.13] is quite laborious, involving 
verification of invariance under Reidemeister moves and then identification 
with the framed knot DGA for a particular knot diagram. Since we have no 
applications yet of Proposition [2T3| we omit its proof. We have nevertheless 
included this formulation of the framed knot DGA in hopes that it might 
shed light on the topology behind the DGA invariant. 

We remark that, using the above expression for the cord algebra in terms 
of a knot diagram, we can write the cord algebra for a knot of bridge number 
as a quotient of Ak- Express the knot as a 2fc-plat, with k vertical tangents 
to the knot diagram on the left and k on the right, and label the k leftmost 
strands of the diagram 1, . . . , A;; then if we progressively construct the knot 
starting with these k strands and moving from left to right, we can express 
any generator aij involving a strand not among in terms of the 

generators of Ak- More generally, we can use stable tame isomorphism to 
express the framed knot DGA as a DGA all of whose generators have indices 
less than or equal to A;, although this is more difficult to establish. 



Here we prove the main theorems from Section [2l invariance of the framed 
knot DGA (Theorem 12. 7p and equivalence of the cord algebra and HCq 
(Theorem I2.10p . The proofs rely heavily on the corresponding proofs in 
[TSldBj, and the casual reader will probably want to skip to the next section. 

3.1. Proof of Theorem 12.71 Theorem 12. 71 is proven by following the proof 
of Theorem 2.10 in [15], which is the special case of Theorem 12.71 when 
A = ^ = 1, and making modifications where necessary. We will provide the 
proof at the end of this section. 

We first need an auxiliary result, which will also be useful in Section [4.11 
In the definition of the framed knot DGA, we used a matrix A = diag(A, 1, . . . , 
We could just as well have used a diagonal matrix where A is the m-th diag- 
onal entry rather than the first. The result states that this does not change 
the framed knot DGA, up to tame isomorphism. Note that the correspond- 
ing result for HCq essentially amounts to the statement that the cord algebra 
of Definition 12.41 is independent of the base point *. 

For any vector v of length n, let A(f ) be the nxn diagonal matrix whose 
diagonal entries are the entries of u. If n is fixed, then for 1 < m < n, define 
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Vm to be the vector (1, . . . , 1, A, 1, . . . , 1) of length n with A as its m-th entry. 
Write Am = A{vm)- 

Proposition 3.1. For B € let {A,d) be the framed knot DGA of B, 
as given in Definition \2.6l Let {A,d) be the DGA obtained from the same 
definition, but with A replaced by Am for some m < n. Then {A^d) and 
{A, d) are tamely isomorphic. 

Before we prove Proposition 13. H we estabhsh a simple lemma. Fix a braid 
B G Bn which closes to a knot. Let s{B) denote the image of B under the 
usual homomorphism s : Bn — > Sn to the symmetric group; there is an 
obvious action of s{B) on vectors of length n, by permuting entries. 

The matrices have entries which are (noncommutative) polyno- 

mials in the aij variables; for clarity, we can denote them by $^(yl), <^^{A), 
where A is the usual matrix of the aj^'s. If A denotes the same matrix 
but with each Ojj replaced by Ojj, then we write $g(j4), <l>|j(Ji) to be the 
matrices {A) , $^ {A) with each Oij replaced by Oij . 

Lemma 3.2. Let v be a vector of length n, and define Oij by the matrix 
equation A = A{v) ■ A ■ A{v)~^ ; that is, dij = ^aij. Then 

= /\{s{B)v)-<^^{A)-A{vY^ and ^%{A) = A(v)-«>g(^)-A(s(S)t;)-^ 

Proof. The ij entry of $^(^4) is a linear combination of words of the form 
o-s{B){i),hO'iii2 ■ ■ ' ^ik-ih^ikj^ while the ij entry of ^j^{A) is the same linear 
combination of words as(B){i),n^ni2 ' ' ' ^ik-iik^-ikj = -^^^J^"-s(B){i),ii"'iii2 ' ' ' "-ik-iik^-ikj ■ 
Hence the ij entry of ^b{A) is times the ij entry of ^^(A). The 

result follows for <I>^; an analogous computation yields the result for □ 

Proof of Proposition CO! Since the braid B closes to a knot, the permuta- 
tion s{B) can be written as a cycle (l,mi, . . . ,m„_i). Define a vector Vm 
of length n whose i-th entry is A if i appears after 1 but not after m in the 
cycle for s{B); for example, for B = cji(73(T^^ G B^, we have s{B) = (1243), 
and thus V2 = (1, A, 1, 1), ^3 = (1, A, A, A), V4 = (1, A, A, 1). 

To distinguish between the algebras A and A, denote the generators of A 
by dij , bij , Cij , dij , Ci ; the first four families can be assembled into matrices 
A, B,C, D. We claim that the identification A = A{vm) ■ A ■ A{vm)~^, 

B = A{Vm)-B-A{Vm)-\ C = A{Vm)-C-A{Vm)-\ D = A{Vm)-D-A{Vm)-\ 

Ci = Ci also identifies d with d. 

Indeed, under this identification, we have 

Bb = i-A^-$^(i)-i 

= A{Vm) ■ A ■ A{Vm)~^ - Am ■ A{s{B)Vm) ' ^b(^) • A ■ A{Vm)~^ 

= A{vm) -{A- A- • A) ■ Aivm)-^ 

= dB, 
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where the second equahty foUows from 13.21 and the third follows from the 
fact that Am = A{vm) ■ A • A(s(S)fm), by the construction of Vm- We 
similarly find that d = d on C, D, and Cj. Thus the identification gives 
a (tame) isomorphism between A and A which intertwines d and d, as 
desired. □ 



Sketch of proof of Theorem \2. 7\ The theorem can be proved in a way pre- 
cisely following the proof of Theorem 2.10 in [15], making alterations where 
necessary. It suffices to establish the theorem when B and B' are related 
by one of the Markov moves. We consider each in turn, giving the identifi- 
cation of generators which establishes the desired stable tame isomorphism, 
and leaving the easy but extremely tedious verifications to the reader. 

Conjugation. Here B = a^'^Bak for some k. It is most convenient to prove 
that a slightly different form for the framed knot DGA is the same for B 
and B. More precisely, it is easy to check that the framed knot DGA for any 
braid B is stable tame isomorphic to the "modified framed knot DGA" with 
generators {oij 1 1 < i,i < n^i ^ j} of degree 0, {bij 1 1 < j < n,i ^ j} 
and {cij,dij \ l < i, j < n} oi degree 1, and {eij, fij | 1 < i, j < n} of degree 
2, and differential 



dA = 

dB = A- A - (t)B{A) ■ A-^ 

dC = {1 - A ■ ^^{A)) ■ A 

dD = A ■ {I - <P^{A) ■ A-^) 

dE = B - D -C -^^{A) ■ A- 

dF = B-C-A-<^>^{A)-D, 



where we set ba = for all i. 

Define A to be A if > 2, and A2 if fc = 1. By Proposition 13.11 the 
modified framed knot DGA for B is tamely isomorphic to the same DGA 
but with A replaced by A; call the latter DGA (A,d), with generators 
aij,bij,Cij,dij,ei. It suffices to exhibit a tame isomorphism between {A,d) 
and the modified framed knot DGA {A,d) of B. 

Let Efc be A if = 1 and 1 otherwise, and recall that a-^ denotes the ij 
entry in A, i.e., • = Oij ii i > j and a- - = yUOjj if i < j. Now identify 
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generators of A and A as follows: aij = (psiaij); 

hi = -bk+i,i - e-k^4'{ak+i,k)hki - bk+i,ka'ki i^k,k + l 

bik = -bi,k+i - ekbik(Piak,k+i) - a[^.bk^k+i k,k + l 

bk+i,i = bki i^k,k + l 

bi^k+i = bik k,k + l 

bk,k+l = fJ'bk+l,k 

bk+i,k = ^ '^bk^k+i 

bij = bij i,j ^ k,k + l; 

C = ^^^{e^'MA)) • C . + G^ ^ . 

D = ^^^{A) ■ D ■ <(e,0B(^)) + f^'^'^^M) -A-^k-, 
E = $^Je,TVB(^)) • E ■ <i>^^iekMA)) - e^ • <(0b(A)) + ■ ; 
F = <^^^{e-^^B{A)) ■ F . ^^^{ekMA)) + fi'' <^^^{e^' M^)) • C • 9^ + 6^ • (1 + f,-'A) ■ &§. 

Here ^^^{e'j^^(f)B{A)) and ^^^{ek4>B{A)) are the matrices which coincide with 
the n X n identity matrix except in the intersection of rows k,k + 1 and 
columns k,k + l, where they are -^t Vs^(ifc+i,fc) -i ^ and ^ ^ ^ 

respectively, and and @^ are the nxn matrices which are identically zero 
except in the kk entry, where they are —bk+i,k and —bk,k+i, respectively. 

This identification of A and A gives the desired tame isomorphism. For 
anyone wishing to verify that d and d are intertwined by this identifica- 
tion, it may be helpful to note the following identities: (e^^(/)B(A))A = 

M^^iM^)), '^^,{ekMA))A = A<^^^{MA)), and 

+ ei{A) . A ■ ^:}^{ekMA)) + d {ei{A) . e§{A)) . 



Positive stabilization. Here B is obtained by adding a strand labeled 
to and setting B = BaQ. We will denote the framed knot DGA of B 
by (A, d) as usual. Write the generators of the framed knot DGA of B as 
dij, bij, Cij, dij,ei, where now < i, j < n; in the definition of the differential, 
the matrix A now has A as its (0, 0) entry. Let {A, d) denote the result of 
replacing A by A//i in the framed knot DGA of B. 

We want an identification between A, suitably stabilized as in the proof 
of |15l Thm. 2.10], and A, which yields a stable tame isomorphism between 
{A,d) and {A,d). It is given as follows: ai-^i^ = di^i2 for 1 < i, j < n; 

bii = -fiboi + bii - fibooaoi cn = -fi~^Cio + ca - fi'^UioCoo 

bji — bji C-ij — Cij 
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for i > 1 and j > 2; 

f^ii = c^oo - fJ'doi + dii - n^^dio + 600C01 + M~^^iocoo 

dij = -fidoj + dij + boocoj 

dji = -fi'^djo + dji + ir'^bjQCQQ 

djih ~ djij2 

ei = eo + ei - /xJqi + ^oocoi 

~ 

doo = fJ-'^dio - dii + fidoi - At"^6iocoo - ^oocoi 
eo = udoi -e-i- 600C01 
6^10 = c^ii ~ ei doi = ei o?oj = dij djo = dji 
for j,ji,j2 > 2; and 



bio 


= biQ 


+ Cll 




and 


coi 


boo 


= boo 


-bu 




and 


Coo 


bjo 


= bjo 


+ Cjl 


- bji - ^jicn 


and 


Coj 


boi 


= hi 






and 


CiO 



Cil 



for z > 1 and j > 2. If we set dboi = —fiaoi + a'^, dcio = — a^o + a[i, 
Oeq = boo, ddoo = 600 ^ Coo, ddio = —ho, ddoi = cqi for i>l, then the above 
identification produces d = d. 

Negative stabilization. Here B = Bao^; let {A,d) be the framed knot 
DGA of B, and let {A, d) be the framed knot DGA of B with A replaced by 
Xf^, with notation as in the previous case. 

In this case, the identification between A and ,4 is as follows: aj^jj = ^1122 
for 1 < i,j < n; 

bu = hi - boi + Xcoo^u^-u = Cil - CiO + ^«j^*a^oo 

bji — bji Cij — Cij, 



'JQO 



Xjj, 



dii 


= -dio 


dij 


= dij - 


dji 


= dji - 


djij2 


~ djij2 


ei 


= -doi 






doo = 


- doo 



eo = Co dio = dii — ei doi = ei djo = djo doj = doj; 
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Figure 3. The framed arcs 7^ (left) and ^ij for i < j (mid- 
dle) and i > j (right). 



^10 = -^10 + cii + cio - -ho-'u^n^OQ coi = -cqi + 611 + 601 - Acoo^f^a^i 



- {hu^fi + h^^fi and - </'B(aoi){^>f'^Qi 



+ A(l + //)coo}0B(aio) + '^uho + ^^00}; 

^00 = ^00 + A^^f^c^o and cqo = cqo + ^6o£^a; 

^io = -bjQ + Cjo + ^hji^f^ - ^j^ceo and cqj = -cqj + boj + Xfi^uCej - boe^fj] 




3.2. Proof of Theorem 12.101 This proof is essentially the proof of The- 
orem 1.3 from |16j . with only slight modifications. Rather than giving the 
proof in full, we will outline the steps here and refer the reader to p!B] for 
details. 

Let D be the unit disk in C, and choose points pi, . . . ,pn, qi, ■ ■ ■ , Qn in 
such that pi, . . . ,pn lie on the real line with pi < • ■ ■ < Pn and qj = pj + ei 
for each j and some small e > 0. We will depict the points pi, . . . by an 
open circle, and qi, ... ,qn hy closed circles; see Figure El 

The braid group acts by homeomorphisms in the usual way on the 
punctured disk D \ P, where P denotes {pi, . . . ,Pn}- That is, ak rotates 
Pk,Pk+i in a counterclockwise fashion around each other until they change 
places. Furthermore, we can stipulate that the line segments pkqk and 
Pk+iqk+i remain vertical and of fixed length throughout the isotopy, so that 
cTfc also interchanges qk,qk+i, and hence every element of fixes the set 
Q = {91 ) • • • ) Qn}- Then Bn acts on the set of framed cords, as defined below. 

Definition 3.3 (cf. [T6l Def. 3.1]). A framed cord of {D,P,Q) is a con- 
tinuous map 7 : [0, 1] — > D \ P such that 7(0), 7(1) G Q. The set of 
framed arcs modulo homotopy is denoted Vn. Define Si, 1 < i < n, and 7jj, 
1 < i j < n, to he the framed cords depicted in Figure [3l 

Proposition 3.4 (cf. [El Props. 2.2, 3.2, 3.3]). With An as in Section\KM 
there is an unique map tp : Vn ^ An satisfying: 

(1) Equivariance: ip{B ■ 7) = (pBii^il)) for any B S Bn and 7 G Vn, 
where B ■ 7 denotes the action of B on 7; 
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Figure 4. Wrapping a braid around the line £ to create the 
knot K, and a close-up of the area around the disk D. 

(2) Framing: if 'j is a framed arc with 7(0) =Pj, then "0(7^7) = 
where "fj"f denotes the framed arc obtained by concatenating 'jj and 
7TO and similarly 2/7(1) = pi, then "0(77;) = l^''P{l)i 

(3) Normalization: il^ilij) = — Oij if i < j, '4'ilij) = —fJ-o-ij if i > j, md 
V'(7i') = 1 + ^ where is the trivial cord which is constant at qi. 

Furthermore, we have the following skein relations for framed cords: 



Finally, the above skein relations, along with (0j and suffice to define 



Note that the normalization of ^ has been chosen for compatibility with 



/i~^V(7A:+i,fc)- The main difference between Proposition 13.41 and the cor- 
responding results from [16] is the framing axiom, which incorporates the 
variable ^ into the map ip. 

Proof of Theorem \2.10\ (cf. [16', §3.2]j. Suppose that the knot K is the clo- 
sure of a braid B G Bn, with framing induced from the braid. If £ is a line in 
M^, then \£ is topologically a solid torus x D'^; let D he a D'^ fiber of 
this solid torus, viewed as sitting in M^. The complement of D in S"^ x is 
a solid cylinder in which we can embed B, and the closure of this embedding 
in is precisely K. 

Now K intersects D m n points pi, ■ ■ ■ ,Pn, and the framing of K allows 
us to push K off of itself to obtain another knot K', which then intersects D 
in points qi, . . . , q-a- Choose the base point * on K, which we need to define 
the cord algebra, to be just beyond pi in the direction of the orientation of 




([T]) and ([2]): sends 7^,^+1 to 




which is mapped under ip to 
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K. See Figure [H For 1 < i < n, let 7]i denote the path along K' running 
from qi to qi in the direction of the orientation of K (so that it does not 
pass *). 

Any cord 7 of K, in the sense of Definition 12.31 can be homotoped to lie 
entirely in D; a slight perturbation of the ends yields a framed cord 7 of 
{D,P,Q), in the sense of Definition 13.31 say beginning at qi and ending at 
qj. Now the perturbation yielding 7 is not uniquely defined up to homotopy, 
and so ■0(7) is defined in An only up to multiplication by powers of fi. We 
can however compensate for this by considering the linking number of K 
and the closed oriented curve 7 U r/j U {—r]i). More precisely, it is easy to 
check that ^^'^(■'^'T'^%'-'(~^«))^/)(7) is well-defined. Given a cord of K lying in 
D, we hence get an element of An which we denote by ipi'j)- Moreover, 
the skein relation defining the cord algebra maps to the skein relation in 
Proposition 13.41 

We conclude that the cord algebra of is a quotient of An, this quotient 
arises from the non-uniqueness of the homotopy from an arbitrary cord of K 
to a cord of K lying in D. Now the argument of the proof of [16l Thm. 1.3] 
shows that the cord algebra of K is An/I, where I is the subalgebra of An 
generated by the entries of the matrices (1 — A - - A and ^- (1 — ■ A~^). 
(The reason that we need the entries of A above the diagonal to be of the 
form naij, rather than aij as in [16], is because in this case the map ^p sends 
7jj to —fiaij rather than —aij.) But An/I is precisely the degree homology 
of the framed knot DGA oi K. □ 

4. Properties of the Invariants 

4.1. Symmetries. The cord algebra and framed knot DGA invariants change 
in predictable manners when we change the framed knot by various elemen- 
tary operations: framing change, mirror, and inversion. Here, as usual, 
"inversion" refers to reversing the orientation of the knot, and the framing 
under mirror and inversion is the induced framing from the original knot. 

The effects of these operations are easiest to see in the homotopy interpre- 
tation of the framed cord algebra (Definition 12. 2p . As mentioned previously, 
changing the framing of a knot by / keeps the meridian fixed and changes the 
longitude by the corresponding power of the meridian; hence the framed cord 
algebra changes by replacing A by X/^f . A reflection of three-space about a 
plane changes a framed knot into its mirror, maps the knot's longitude to 
its mirror's longitude, and maps the meridian to the mirror's meridian with 
the opposite orientation; hence mirroring changes the framed cord algebra 
by replacing // by Changing the orientation of a framed knot changes 
the orientation of both its longitude and meridian, and so inversion replaces 
A by A~^ and /i by iJ,~^. 

Proposition 4.1. The framed cord algebra of a framed knot changes under 
the following operations as shown: framing change by f , A — > Xfi^ ; mirror, 
H ; inversion, A —^ and ^ — > . In addition, the commutative 
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framed cord algebras (in which multiplication is commutative) of a knot and 
its inverse are isomorphic. 

Proof. The only statement left to prove is the invariance of the commutative 
framed cord algebra under inversion. Let /, m be the longitude and meridian 
of a framed knot K; then l~^,m~^ are the longitude and meridian of its 
inverse. The map sending 7 G 7ri(5'^ \ K) to 7"^ extends in a natural way 
to a map on the tensor algebra generated by 7ri{S'^\K). This map descends 
to an isomorphism on the commutative framed cord algebras; the key point 
is that the relation [7172] + [7i?7i72] = [7172] in the cord algebra of K is 
mapped to 

b2V] + b2'^-'li'] = [7i]-M72]-' = [72]-M7i]-\ 

which is the corresponding relation for the cord algebra of the inverse of 
K. □ 

Not surprisingly, the same operations lead to the same transformations 
in A, fi in the framed knot DGA, although the proof is not particularly 
enlightening. Define the commutative framed knot DGA of a knot to be the 
quotient of the framed knot DGA obtained by imposing sign-commutativity, 
i.e., vw = (— . (Note that this does not specialize to the "abelian 
knot DGA" from [15] when we set A = /i = 1; there does not seem to be a 
reasonable lift of the abelian knot DGA to group ring coefficients.) 

Proposition 4.2. The framed knot DGA of a framed knot changes under 
framing change, mirroring, and inversion as in Proposition \4.1\ and the 
commutative framed knot DGAs of a knot and its inverse are equivalent. 

Proof. Framing change has already been covered by Theorem 12.71 

Mirror: We follow the proof of Proposition 6.9 from [15j, which is the 
analogous result for the DGA over Z; see that proof for notation. If a 
framed knot K is given as the closure of a braid B G then the mirror of 
K (with the corresponding framing) is the closure of B* . Let {A, d) be the 
framed knot DGA for B, and let {A,d) be the framed knot DGA for B* , 
but with /X replaced by and A replaced by A = A„, with notation as in 
Section 13.11 this is equivalent to the usual framed knot DGA for B* (with 
H — > by Proposition 13.11 It suffices to show that {A,d) and {A,d) are 
tamely isomorphic. 

Assemble the generators aij,dij into matrices A, A as usual, except that 
A has fi replaced by If we set a,n-\-i—i^n+i—j — Oiij as in the proof of 

[151 Prop. 6.9], then we find that A = ii-^E{A), while $^*(i) = H($^(^)) 
and $^*(Jl) = E{^^{A)). Now identify the other generators of A and A by 
setting B = fi-^E{B), C = n~^E{C), D = fi~^E{D), ii = n~^en+i-i. Then 

dB = n~^dEB = fi-^E{{l - A ■ $|(A)) ■ A) = {1 - A ■ (A)) ■A = dB 

and similarly d = d on the other generators of A. 
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Inverse: Let {A, d) be the framed knot DGA for B, and let {A, d) be the 
framed knot DGA for B~^, but with A replaced by A~^. Since the closure 
of {B~^)* is the inverse of the closure of B, and the framed knot DGA for 
{B~^)* is the framed knot DGA for B~^ with ^ replaced by by the above 
proof for mirrors, it suffices to prove that (A, d) and {A, d) are equivalent to 
conclude that the framed knot DGAs of a knot is equivalent to the framed 
knot DGA of its inverse after setting A and fi A*"^- 

Assemble the generators of A into matrices A, etc., and let A = A~^, 
so that dB = (1 — A • ^^^i{A)) ■ A and so forth. Now set dij = (psiaij)-, 
which implies that A = ^'^{A) ■ A ■ and B = -A"^ ■ B ■ ^^{A), 

C = -$^(A)-C-A, D = A-i-D-A, et = d^-et. Since = 
and (^^.x{A) = it is easy to check that this identification gives 

d = d; for instance, 

dB = {l-A-^i^^{A))-^)-<!>^{A)A-^^{A) = -A-i-(l-A-$^)-yl-$^(A) = dB 

It remains to show that the commutative framed knot DGAs of a knot 
and its inverse are equivalent. Because of the previous argument, it suffices 
to prove that the commutative framed knot DGA {A, d) of a braid B is 
equivalent to the same commutative framed knot DGA (A, d) with A, /i 
replaced by X~^,fi~^. As usual, assemble the generators of A into matrices 
A, etc., except that A has n replaced by If we set dij = aji for all 

i,j, then A = ^'^AK Further set B = fi'^C^ C = fi'^B^ D = -fi~^D\ 
Cj = /x~^(ej — da). Now since the aij commute with each other, Proposition 
6.1 from [H] implies that ^>^(i) = {^Bi^)? and <^^{A) = {^^{A))K It 
follows easily that d = d; for instance, 

dB = (l-A"i-$^(i))-i = fi-\l-A-^i<S>^{A)Y)A^ = /x-i {A-{1- $f (^)))* 
as claimed. □ 

Although the commutative framed knot DGA does not distinguish be- 
tween knots and their inverses, it is conceivable that the usual noncom- 
mutative framed knot DGA, or the cord algebra, might. Presumably an 
application to distinguish inverses would require some sort of involved cal- 
culation using noncommutative Grobner bases. 

4.2. Relation to the alternate knot DGA. It is immediate from the 
definition of the framed knot DGA that one can recover the knot DGA over 
7j from [15] by setting A = /i = 1. What is less obvious is that the framed 
knot DGA also specializes to the "alternate knot DGA" from [15, §9]. 

Proposition 4.3. The knot DGA is obtained from the framed knot DGA 
by setting A = /x = 1; the alternate knot DGA is obtained from the framed 
knot DGA by setting A = /x = —1. 

Proof. Let B € Bn be a braid whose closure gives the desired framed knot, 
and note that, since B closes to a knot, w{B) = n + 1 (mod 2). Setting 
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A = ;U = — 1 in the framed knot DGA for K is the same as setting /i = — 1, 
A = (— = (—1)" in the framed knot DGA corresponding to B. The 
argument of the proof of Proposition 13.11 shows that A can be replaced in 
the definition of the framed knot DGA by any diagonal matrix, the product 
of whose diagonal entries is A. Since A = (—1)", we can use the matrix 
— 1 instead of A in defining the framed knot DGA. Let {A,d) denote the 
resulting DGA, let {A, d) denote the alternate knot DGA of i?, and assemble 
the generators of A and A into matrices, as usual. 

If we set Qij = CLij \l i < j and aij = —aij if i > j, then A = —A. In 
the notation of Section 9.1 of [l5], since (/>, are conjugate through the 
automorphism which negates (Xij for i ^ we have $^(^) — ^^(^) and 
^^{A) = ^^{A). It follows readily from the definition of the alternate knot 
DGA that if we further set B = —B, C = —C, D = —D, Cj = — Cj, then 
d = d. The proposition follows. □ 

Note that there are, in fact, four natural projections of the framed knot 
DGA to an invariant over Z, corresponding to sending each of A,/x to ±1. 
We have seen that two of these projections yield the knot DGA and the 
alternate knot DGA from [15]. The other two seem to behave slightly less 
nicely. For instance, for two-bridge knots, it can be shown that both the 
knot DGA and the alternate knot DGA have degree homology which can 
be written as a quotient of 7j[x] by a principal ideal. (For the knot DGA, 
this was shown in [15^ Thm. 7.1].) This is not the case for the other two 
projections. 

As an example, consider the left-handed trefoil examined in Section [2.31 
For A = ;U = 1, we obtain HCq = Z[x]/{x'^ + x - 2), the knot DGA for the 
trefoil, and for \ = ji = —1, HCq = Z[x]/(x^ — x), the alternate knot DGA 
for the trefoil. By contrast, we have HCq = — x,2x) when A = 1 

and /i = —1, and HCq = + x — 2, 2x) when A = —1 and /U = 1. 

It may be worth noting that, by Proposition 14.21 none of the projections 
to Z can detect mirrors or inverses, since A = A~^ and /x = in all 
cases. We also remark that the "special" status of the cases A = ^ = 1 and 
A = /i = — 1 is an artifact of a choice of a particular spin structure on . 
More precisely, the signs in the definition of the framed knot DGA, which 
arise from a coherent choice of orientations of the relevant moduli spaces, 
depend on a choice of one of the (four) spin structures on the Legendrian 
2-torus; changing the spin structure negates either or both of A and //. See 

4.3. Framed knot contact homology and the Alexander polynomial. 

It has been demonstrated in |16[ §7.2] that a linearized version of knot 
contact homology over Z encodes the determinant of the knot. Here we 
show that the framed knot DGA has a similar natural linearization, with 
respect to which we can deduce the Alexander polynomial of the knot. 
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Let if be a knot, and let {A,d) denote the DGA over obtained 
by setting A = 1 in the framed knot DGA of K. To define a linearization of 
{A,d), we need an augmentation of {A,d) over Z[/i^^], that is, an algebra 
map e : A which is in nonzero degrees and satisfies e o d = 0. 

In this case, an augmentation is just a ring homomorphism from the cord 
algebra of K with A = 1 to Z[;U^^]. There is a natural choice for such 
a homomorphism, namely the one which sends every cord to 1 + /i; this 
clearly satisfies the relations for the cord algebra. 

If e denotes the corresponding augmentation, which we call the distin- 
guished augmentation of the framed knot DGA, then we can construct a 
linearized version of {A, d) in the standard way. Let Ai be the subalgebra 
of A generated by all words (in aij, bij, Cij, dij, Cj) of length at least 1, 
and let : A ^ A be the algebra isomorphism sending each generator g 
of ^ to g + e{g). The differential ip^o d o ipj^ maps M to itself and hence 
descends to a differential 9'™ on the free Z[//='=^]-module M./M^. We define 
the linearized framed contact homology of K, written HC^^^{K), to be the 
graded homology of 5^™. 

To relate linearized homology to the Alexander polynomial, we recall some 
elementary knot theory adapted from [17j. Fix a knot K in S^, and let Xk 
denote the infinite cyclic cover of the knot complement. Then Hi{Xk) 
has a natural Z[t^^] module structure, with respect to which it is called 
the Alexander invariant. The Alexander polynomial Ai^(t) can be deduced 
from the Alexander invariant in the usual way; in particular, if the Alexan- 
der invariant is cyclic of the form Z[t^^]/(p(t)), then p{t) is the Alexander 
polynomial up to units. 

Proposition 4.4. If K is a knot, then we have an isomorphism o/Q[/i^-^]- 
modules 

for some m > 0. Here Hi{Xk) is understood to he a Q[is^^]-module by 
setting t = —/j,. 

Before proving for Proposition 14.41 we note that the result, along with 
some simple linear algebra, implies that we can calculate the Alexander 
polynomial from i?C'™. 

Corollary 4.5. The framed knot DGA with A = 1, along with the distin- 
guished augmentation of the DGA, determines the Alexander polynomial. 

Proof. Suppose that the invariant factors for the Q[//^^]-module Hi{Xk) 
are pi,...,pk € Q[/U^^], with Pi\---\pk, so that pi...pk is some ratio- 
nal multiple of the Alexander polynomial. Then the invariant factors of 
{Hi{Xk) e Q[fi^']) {Hi{Xk) e Q[fi^']) e {Q[li^']r are gcd{pi,pj) for 
^ ^ i,j ^ k, along with 2k additional invariant factors which consist of 
pi, . . . ,Pk with multiplicity 2 each. In other words, the invariant factors of 
ii"C}™(K) are pi with multiplicity 2k + l, p2 with multiplicity 2/c — 1, ■ ■ . , Pk 
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Figure 5. The braid B = afaja^ ^02, with vb = (1,/"^, 1) 
and ub = (^^, 1). 

with multiphcity 3. From HC\^{K) we can hence deduce pi, . . . This 
gives us the Alexander polynomial up to a constant factor, which can be 
eliminated via the normalization Aj^(l) = 1. □ 

The proof of Proposition 14.41 will occupy the remainder of this section. It 
is nearly identical to the proof of the analogous Proposition 7.8 from [15] 
and is rather unilluminating, and the reader may wish to skip it. 

We first give an explicit description of the distinguished augmentation for 
a framed knot DGA, as derived by inspecting the translation between cords 
and framed knot contact homology from the proof of Theorem 12.101 Let 
B G Bn be a braid which closes to a knot. Draw B from right to left with 
(Tfc giving a crossing where strand k crosses over strand A: + 1, viewed from 
the right; see Figure [H Write pi, . . . ,pn for the leftmost endpoints of the 
braid, and p'^, . . . for the rightmost endpoints. For 1 < i < n, traverse 
the braid from left to right, beginning at pi and looping around (that is, 
identify p'j with pj) until pi is reached; this traces out a path on the braid, 
which we define to be trivial when i = 1. Now let be the signed number of 
undercrossings traversed by this path, where an under crossing contributes 1 
or —1 depending on whether it corresponds to a braid generator fj^ or cr^^- 
Finally, define vb to be the vector {f/"^, . . . , /U*""). 

Recall from Section 13.11 that A{v) is a diagonal matrix whose diagonal 
entries are the entries of v, and let O denote the n x n matrix whose entries 
are all —fi — 1. 

Definition 4.6. The distinguished augmentation of the framed knot DGA 
of a braid B G Bn is the map which sends 

A{vB)-e-A{vB)~^; 

in other words, it sends Oij to {—/i — 1) if i > j and ^ — 1) 

if i < j. 

We will see shortly that the distinguished augmentation is, in fact, an 
augmentation. 

A bit more notation: let A^ denote the matrix A with A set to fi~'^^^^ 
where w{B) is the writhe of B; that is, A^ = A{{fi^'"^^\l, ... , 1)). Define 
the vector to be {fJ.^^ , . . . , A*'*"), where Si is the signed number of under- 
crossings traversed if we begin at pi, travel from left to right, and end when 
we reach the right hand end of the braid; see Figure [5l 
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Also, let B be the braid obtained by reversing the word which gives B. 
Finally, let Bur denote the Burau representation on B^, defined over 
so that Buro-j. is the nxn matrix which is the identity except from the 2x2 
submatrix formed by the k,k + 1 rows and columns, which is ( ^j"* q)- 
now give a series of lemmas, culminating in the proof of Proposition 14. 4[ 

Lemma 4.7. Let Vk denote the vector (1, . . . , 1, ^u, 1, . . . , 1), with /i in the 
k-th position. Then 

cp^,{e) = A{vk) ■ Qk ■ Mvky\ 

$^^(G) = A(t;fc).(Bur^Ji_i/^), 
^^^(0) = iBur,,\t=-,f ■ Aivkr\ 
where denotes transpose. 

Proof. Easy calculation using the definitions, along with the expressions for 
and from [151 Lemma 4.6]. □ 

Lemma 4.8. We have 

^j^{Q) = AiuB)■{BuI^\t=^^/^) = A^'-AisiB)vB)-'-A{vB)-{Burj^\t^^y^) 
and 

$i^(G) = {Bnv^\t=^^)-A{uB)-' = {Bm^\t=-^)-A{vB)-'-A{s{B)vB)-AB, 
with s{B) defined as in Section \3.1\ 

Proof. We will establish the formula for $^(0), with established 
similarly. The second equality follows from the fact that Si = ri — rg(^B)(i) 
for i > 2 and si = ri — rgi^B){i) + w{B). To prove the first equality, we use 
induction, noting that ub can be defined even when B closes to a multi- 
component link rather than a knot. 

By [151 Prop. 4.4], Lemma 13.21 and Lemma 14.71 we have 

= A(s(SK)-cD^(e)-A(t>fe)-i 

= A{u^^b) ■ A{ub)-' ■ <^UQ) ■ (Bur.Jt=-i/^) • 

Hence the formula holds for B if and only if it holds for akB. Since it 
certainly holds when B is the trivial braid, the formula holds for general B 
by induction. □ 

Lemma 4.9. The distinguished augmentation is in fact an augmentation 
for the framed knot DGA of B, once we set A = 

Proof. Define Qb = A{vb) • & ■ A{vb)~^. We want to show that the map 
A Qb sends the differentials of the degree 1 generators of the framed 
knot DGA to 0. By Lemmas 13.21 and 14.81 we have 

'^UQb) = A{siB)vB)-'^UQy^ivB)-' = AB''-A{vB)iBm^\t=_,/^)-A{vB)- 
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and thus 

(1 - As • <^UeB)) ■ Ob = A{vb) ■ (1 - Bur^!t=_i/^) • G • A{vBr^ = 0; 

similarly eB-(l-«'g(eij)-A^^) = 0. □ 

Proof of Proposition \4-4\ Let be a braid whose closure is K, and con- 
sider the linearization of the modified framed knot DGA of as defined in 
Section 13. 1[ By the calculation from the proof of Lemma 14.91 we have 

= B-C-Ab-^UQb)-D = B-C-A{vB)iBviT^\t=^y^)-A{vB)-'-D 

and similarly d^^^'E = B - D - C ■ A{vb) ■ (Bur^|t=_^) • A(t;B)~i. If we 
change variables by replacing B by A{vb) ■ B ■ A{vb)~^ and similarly for 
C,D,E,F, then the differential becomes 5^™^ = B-D-C- {Buv^\t=-i/fj,) , 
9f F = B-C- {Bm^\t=-^,) ■ D. 

The matrices Bur^|j=_i/^ and Bur^|t=_^ both give presentations over 
Q[t^^] for the Alexander invariant of K, or, more precisely, for the direct sum 
of the Alexander polynomial and a free summand once we identify 

t with (Note that the Alexander invariant is unchanged if we invert t.) 
It is now straightforward to deduce the proposition; just use the method of 
the proof of [15^ Prop. 7.8], working over the ring Q[;U^^] rather than Z. □ 

5. Invariants from Augmentation 

In this section, we focus on applications of framed knot contact homology. 
The essential difficulty is that it is a nontrivial task to determine when 
two DGAs over Z[A^^,/x^^] are equivalent. To obtain some computable 
invariants, we consider augmentations of the DGA. These give rise to a 
large family of readily calculable numerical invariants of knots (Section 15. Ih . 
as well as a 2-variable polynomial with very strong ties to the ^-polynomial 
(Section [52]) • 

5.1. Augmentation numbers. Let k be a field, and k* = k \ {0}. Any 

pair (Ao,/io) S (k*)^ gives rise to a map Z[A^^, /i^-*^] (gi k ^ k by sending A 
to Ao and to hq. If {A,d) is a DGA over Z[A^^, /x^-*^], then (Ao,/Uo) allows 
us to project ^(8)k, which is an algebra over k[A^^,/x^^], to an algebra over 
k, which we write as A\{^\^^^^y 

Definition 5.1. An augmentation of a DGA {A,d) over a field k is an 
algebra map e : ^ ^ k such that e(l) = 1, e(a) = if a G ^ has pure 
nonzero degree, and e o 9 = 0. 

If k is finite and A is finitely generated as an algebra, then there are only 
finitely many possible augmentations. 

Definition 5.2. Let K he & knot with framed DGA [A, d), let k be a finite 
field, and let (Ao,/Uo) G (k*)^. The augmentation number Aug(-fC, k, Aq, /xq) 
is the number of augmentations of ^|(Ao,Ato) ^^^^ ^- 
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Figure 6. The Kinoshita-Terasaka knot (left) and Conway 
mutant (right). 



Since a knot has many different framed DGAs depending on its braid rep- 
resentative, Definition 15.21 technically requires proof of invariance; however, 
since framed knot DGAs have generators only in nonnegative degree, it is 
easy to see that an augmentation of >1|(Ao,^o) same as an algebra 

map {HCo{K) ® \i)\x=Xo,pL=fio — > k, and so augmentation numbers are well- 
defined. 

From Section 12.41 if the bridge number of a knot K is m, then there 
is a way to write HCq{K) as an algebra with m(m — 1) generators and 
2m^ relations. Calculating an augmentation number Aug(i^, k, Aq, /^o) then 
involves counting how many of the possible Ikl"^*^*""^) maps of the generators 
to k satisfy the relations; this can be readily done by computer when |k| is 
small enough. 

In particular, if p is a prime, the finite field Zp gives rise to {p — 1)^ 
augmentation numbers of a knot, corresponding to the different choices of 
(Ao,/Uo), each of which is a knot invariant. It can be calculated without 
too much effort that nearly any pair of nonisotopic knots with 8 or fewer 
crossings can be distinguished by one of the 69 total augmentation numbers 
for Zp with p = 2,3, 5, 7. The only pairs not so distinguished are the knot 
8i5 and its mirror, and the connect sum Si^^Si and its mirror; each of these 
pairs share the same augmentation numbers over fields up to Z7 but can be 
distinguished using augmentation numbers over Zn. 

As an application of augmentation numbers, we can calculate that the 
Kinoshita-Terasaka knot and its Conway mutant, as shown in Figured! do 
not have all the same augmentation numbers: Aug(KT, Z7, 3, 5) = 2 while 
Aug(Conway, Z7, 3, 5) = 1. The author's web page includes a Mathematica 
program to calculate augmentation numbers. 

Proposition 5.3. The Kinoshita-Terasaka knot and its Conway mutant 
have nonisomorphic cord algebras (and thus inequivalent framed knot DGAs). 

We conclude that augmentation numbers are a rather effective tool to 
distinguish between knots. It is not known to the author whether there are 
two nonisotopic knots which share the same augmentation numbers for all 
fields Zr,. 
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5.2. The augmentation polynomial. Here we consider augmentations, 
as in the previous section, but now over the field C. If we fix (Aq, /^o) £ (C*)^ 
and a knot then we obtain a DGA (^|(Ao,^to)' ^) o'^^^ and we can ask 
whether this DGA has an augmentation, i.e., whether there is an algebra 
map {HCq{K) (g) C)|A=Ao,/i=/io ~^ Since HCq{K) is finitely generated 
and finitely presented, this is just a question in elimination theory, and the 
(closure of the) locus of (Ao,/xo) for which the DGA has an augmentation is 
an algebraic set. 

Definition 5.4. Let K he a, knot, with framed knot DGA {A,d). The set 
{{\o,^io) G (C*)2 : (^1 

(Ao,/io)'^) augmentation} is called the aug- 

mentation variety of K. If the augmentation variety is not 2-dimensional 
(and thus a Zariski open subset of (C*)2), then the union of its 1-dimensional 
components is the zero set of the augmentation polynomial Ak{\-,ij) G 
C[A,^], which is unique up to constant multiplication once we specify that 
it has no repeated factors and is not divisible by A or /i. 

The author does not know of any examples for which the augmentation 
variety has any components which are not 1-dimensional. 

Conjecture 5.5. The augmentation polynomial is defined for all knots in 

Proposition 5.6. The augmentation polynomial Ak{\,^j) is always divisi- 
ble by (A-l)(/i + l). 

Proof. If Ao = 1, then there is a map from HCq{K)\(i^^q^ to C sending all 
cords to 1 + /i; if = — 1> then there is a trivial map from HCq{K)\(^Xo~i) 
to C sending all cords to 0. □ 

We computed in Section 12.11 that the cord algebra for the unknot is 
Z[A^"'^, /i^^]/((A — 1)(;U + 1)); hence the unknot has augmentation polynomial 

io(A,^) = (A-l)(/z + l). 

A slightly more interesting case is the right hand trefoil, for which we com- 
puted in Section 12.41 that the cord algebra is (Z[A^-^, //^-^])[x]/(x^ — x — 
Xfi^ — A/u, — Xfix — A — Xfi). For this to have a map to C, we need the two 
polynomials generating the ideal to have a common root. Their resultant 
is A(A — 1)(^ + 1)(1 — A/i^), and so the right hand trefoil has augmentation 
polynomial 

i3i(A,/i) = (A-l)(/. + l)(l-A^3)_ 

We will give some more computations of augmentation polynomials shortly, 
but first we establish a couple more properties of augmentation polynomi- 
als. For Laurent polynomials in Z[A^^,/x^^], let = denote equality up to 
multiplication by a unit in Z[A^^, /i^""^]. 

Proposition 5.7. The augmentation polynomial is independent of the ori- 
entation of the knot. If K is a knot with mirror K, then 

Ak{\, Ai) = Ak{\~^ , ^Ji~^) and i;^(A, ^) = Ak{\ ^"^). 
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Proof. Follows immediately from Proposition I4.H note that the augmen- 
tation polynomial depends only on the commutative framed cord algebra, 
rather than the noncommutative version. □ 

Note also that one can define an augmentation polynomial for knots with 
arbitrary framing / by using the /-framed knot DGA instead of the 0-framed 
knot DGA; then the augmentation polynomial of a knot K with framing / 

is AK{\p.~f 

Proposition 5.8. The augmentation variety Vki#K2 for a connect sum 
Ki^K2 is related to the augmentation varieties Vki, for Ki, K2 as fol- 
lows: 

Vki#k2 = {(AiA2,/u) G (C*)^ [ (Ai,;u) e Vr^ and (A2,/i) G V^-J. 
This formula defines Aki#K2 terms of A^i and Ak2- In particular, both 
Aki and Ak2 divide Ak-i#K2- 

Proof. Since {p, = —1} is a component of all augmentation varieties, it 
suffices to prove the equality in the statement in the complement of this 
component. 

By Van Kampen's Theorem, 7ri(S'^ \ (i^i#i^2)) is the free product of 
7ri{S^\Ki) and tti{S'^\K2), modulo the identification of the two meridians. 
Thus there are elements li,l2,m G tti{S'^\{Ki#K2)) such that lil2,rn are the 
longitude and meridian classes of Ki#K2, and li,m project to the longitude 
and meridian classes in 7ri(S'^ \I^i) for i = 1,2. 

A map p : HCo{Ki#K2)\(Xo,tMo) ^ with ^0 / -1 sends [/i],[/2] to 
complex numbers which we write as Ao,i(l + Mo)) Ao,2(l + Mo)- We claim 
that p induces maps from HCo{Ki)\(^Xo i,tJ.o) *° ^- '^^^ °^ly relation for 
(Acii/^o) froi^ Definition [2^2] that is not trivially preserved by p is 
bk] = [hj] = Ao,i[7]- But in HCo{Kl#K2)\(^Xo,^lo)^ ^^^^ 

bWi] = hk] + hmk] = [jk] + [jkm] = (1 + fio)hh], 

and so p{[-fli]) = p{h][li]) / {1+ fJ-o) = Xo,ip{b])- Similarly p([/j7]) = Ao,ip([7]), 
and so p does indeed restrict to maps from HCo{Ki)\(^Xo i,tio) ^° addi- 
tion, we have 

Ao(l + Mo) = Pill]) = Piihh]) = XoMM) = Ao,iAo,2(l + Mo). 
We conclude that if (Ao,Mo) ^ Vki#K2^ then there exist Ao,i,Ao,2 with 
Ao,iAo,2 = Ao such that (Ao,j,Mo) G for i = 1,2. 

Conversely, suppose that we are given maps pi : HCo{Ki)\(^Xo i,fio) ~^ ^■ 
We construct a map p : HCo{Ki#K2)\(^Xo 1X0 2,/io) ~^ C as follows: if jj^i G 
7ri{S^ \ Ki) for i = 1, 2 and 1 < j < A;, then 

/r IN Pl([7l,l])P2([7l,2])---Pl([7fc,l])P2([7fc,2]) 

P(l7i,i7i,2 • • • 7fc,i7fc,2j) = + • 

Since any element of 7ri(5^\(i^i#K2)) can be written in the form 71,171,2 ■ ■ ■ 7fc,i7fc,2j 
this defines p on HCo{Ki#K2)\(^Xo 1X0 2,ij.o)- straightforward to check 
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that p preserves the relations defining HCQ{Ki#K2)\i^Xg 2,mo) ^^'^ hence 
weh-defined. □ 

To illustrate Proposition 15.81 we can calculate that the augmentation 
polynomial for the connect sum of two right hand trefoils is 

i3i#3i(A,M) = (A - + 1)(1 - A/i3)(l - A^6)^ 

while the augmentation polynomial for the connect sum of a left hand trefoil 
and a right hand trefoil is 

^3i#3r(^' /^) = (A - l)(/^ + 1)(1 - A/i3)(A - ^3). 

5.3. The augmentation polynomial and the A-poIynomial. The aug- 
mentation polynomial is very closely related to the j4-polynomial introduced 
by Cooper et al. in [2], which we briefly review here. Let K £ he a knot, 
and let l,m denote the longitude and meridian classes in 7ri(5'^ \ K), as 
usual. Consider a representation p : 7ri(5'^ \ K) SL2C Since l,m com- 
mute, p is conjugate to a representation in which p(l) and p{m) are upper 
triangular, and so we restrict our attention to representations p with this 
property. There is a map from S'L2C-representations of ni{S^ \ ^) to (C*)^ 
sending p to ((/3(0)ii) where Mn denotes the top left entry of M, 

and the 1-dimensional part of the image of this map forms a variety, which 
is the zero set of the A-polynomial Ax € C[A, (Note that we are thus 
assuming the convention that A — 1 always divides Ax-) 

The following result shows that the yl-polynomial is subsumed in the A- 
polynomial. Note that the A-polynomial involves only even powers of /Lt [21 
Prop. 2.9]. 

Proposition 5.9. Let ylx(A, Ak{X,p) denote the A-polynomial and 
augmentation polynomial of a knot K. Then 

{I- P^)Ak{X,p) |ix(A, V)- 

Proof. From [21 §2.8], /xib 1 does not divide the A-polynomial. On the other 
hand, by Proposition 15.61 ^x(A, —p^) is divisible by 1 — p?. It thus suffices 
to prove that ^^^'(A, ;u) divides AKiX^—p^)- 

Suppose that we have an 5L2C-representation p of 'Ki{S'^\K) which maps 
to (Ao,/xo) in (C*)^. We wish to show that there is a map from the cord 
algebra of K with (A, p) = (Aq, —p^) to C. Since p+1 is a factor of Ak{X, p), 
we may assume that ^0 7^ il- Then we can conjugate p so that it becomes 
diagonal on the peripheral subgroup: 

Ao ^ _ [l^-o 0^ 



^(^)=U AoV """^ ^^""^ VO /^o 

We use the formulation of the cord algebra from Definition 12.21 with A 
replaced by Aq and p replaced by — /Ug; we can change variables by replac- 
ing each generator [7] by (1 — A'o)(~/^o)"^^'^'^^[7] to obtain an algebra with 
defining relations 
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(1) [e] = 1; 

(2) [ym] = [mj] = /^oM and [7/] = [/7] = AqM; 

(3) [7172] - /io[7i"i72] = (1 - ^o)[7i][72]- 

Now if we send each generator [7] to the top left entry of pi^j), it is easy to 
check that the above relations are preserved, and so we obtain a map from 
the cord algebra to C with (A,/u) = (Aq, — /^q)' as desired. □ 

Proposition 15.91 has some immediate consequences. The first uses a result 
of Dunfield and Garoufalidis [3] which is based on work of Kronheimer and 
Mrowka [13] on knot surgery and SU2 representations. 

Proposition 5.10. The cord algebra distinguishes the unknot from any 
other knot in S^. 

Proof. We have seen that the cord algebra for the unknot is Z[A^^, /x^^]/((A— 
+ 1)), and so the augmentation variety for the unknot is the union of 
the lines A = 1 and n = —1. On the other hand, the main result of |3j states 
that any nontrivial knot in S"^ has nontrivial ^-polynomial (i.e., not equal 
to A — 1). Hence the augmentation variety for a nontrivial knot either is 
2-dimensional or contains a nontrivial 1-dimensional component; in either 
case, it strictly contains the augmentation variety for the unknot. □ 

The next consequence of Proposition 15. 91 relates the augmentation variety 
to the Alexander polynomial. By analogy with [2], say that a point (Ao,/io) 
in the augmentation variety of K is reducible if Aq = 1 and the corresponding 
map from the cord algebra (from Definition 12. 4p to C sends every cord 
to 1 + fiQ. (This is slightly bad notation: we mean a point which is on 
a component of the augmentation variety different from A — 1, with the 
corresponding map from the cord algebra to C.) 

Proposition 5.11. If—po is a root of the Alexander polynomial Axit), then 
(1,/io) is a reducible point on a nontrivial component of the augmentation 
variety of K . 

Proof. This follows directly from p| Prop. 6.2]. □ 

We now examine the difference between the augmentation polynomial and 
the ^-polynomial for some specific knots. It seems that the two polynomials 
essentially coincide for 2-bridge knots, but as of this writing, a proof has not 
been completed, and so the following "result" is presented as a conjecture. 

Conjecture 5.12. If K is a 2-bridge knot, then 

{I - p')Ak{\ p) = AK{\,-ii''). 

On the other hand, there are knots for which ^^^(A, — /i^) contains non- 
trivial factors not present in ^i^(A,/i). Define the polynomial Bk{\,IJ-), 
defined up to multiplication by constants, to be the product of the factors 
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of 74x(A,/u), besides + 1, which do not have a corresponding factor in 
Ak{X, /i); that is, 



2^ ^ Ax(A,-/x^) 

(1-^2)^,^(A,m)" 



Conjecture 15. 121 states that Bk = 1 when is a 2-bridge knot. 

Suppose that K is the torus knot r(3,4). The group vri(S'^ \ r(3, 4)) 
has presentation {x,y : = y^), with peripheral classes m = xy~^ and 
I = x^m~^'^. A quick calculation then shows that 

^T(3,4)(A, = (A - 1)(1 + A/ii2)(i _ x^i^). 

On the other hand, we can define the cord algebra for T(3, 4) from Def- 
inition [221 using the braid (cricr2)~^ G -B3 which closes to T(3,4). It is 
straightforward to check that if we set A = and ai2 = 021 = ais = 031 = 
023 = 0^32 = — Ij then the relations defining the cord algebra for T(3,4) 
vanish, and so 1 — A/u^ is a factor of ^4^(3 4). In fact, a slightly more involved 
calculation using resultants demonstrates that 

5T(3,4)(A,/u) = l-A/f 1. 

Using Mathematica, one can compute the augmentation polynomials for 
many other knots. In particular, for the non-two-bridge knots whose A- 
polynomials are computed in [2], we have 

^85 (A, /i) = 1 - A/u"^; 
^820 (A, /^) = 1 - A/U^; 

'P(-2,3,7)( 



^P(-2,3,7)(A,^) = 1 - A^^2. 



The author does not know whether there is any geometric significance to 
the i?-polynomial, as there is for the A-polynomial. 



6. Extensions of the Invariant 

In Section 12.11 the cord algebra was defined for any connected cooriented 
codimension 2 submanifold of any manifold. In fact, the cord algebra, and 
sometimes the full DGA invariant, can be defined for many geometric ob- 
jects. Here we discuss extending the invariant to four settings other than 
knots in S^. What follows is expository and somewhat sketchy at points. 

6.1. Links in S^. The cord algebra can be defined for (oriented, framed) 
links in as for knots. For an n-component link L, the base ring is 
7^[X^^, fif^, . . . , X^^, fi^^] since there are now n longitudes and n correspond- 
ing meridians in 7ri(5'^\-L), and the relations in Definition [22] change accord- 
ingly. The cord algebra can be written in terms of cords and skein relations 
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as for knots: 




where i is the label of the link component depicted in the skein relation. 

It is possible to extend the framed knot DGA from Section 12.41 to an 
invariant of links in such a way that the degree homology of the DGA is 
the cord algebra of the link; one just needs to supply A, fi in the definition 
of the DGA with indices corresponding to components of the link. There is 
then a canonical augmentation of the DGA which sends each aij to 1 + , 
where n(i) is the label of the link component containing strand i. It should 
be the case that the linearized homology of the DGA with respect to this 
augmentation contains the multivariable Alexander polynomial of the link, 
just as the linearized homology of the framed knot DGA contains the usual 
Alexander polynomial of a knot; however, the author has not worked through 
the detailed computation in general. 

6.2. Spatial graphs. As noted in [16], the cord algebra over Z extends 
naturally to an invariant of spatial graphs (embedded graphs in S^) modulo 
neighborhood equivalence; two spatial graphs are neighborhood equivalent 
(terminology by Suzuki) if they have ambient isotopic tubular neighbor- 
hoods. If r is a spatial graph and Hi (T) has rank g, then one can lift the base 
ring of the cord algebra of T from Z to Z[Xf^, . . . , A^^, //f ^, . . . , where 
the Aj represent generators of Hi{T) and the represent g linearly indepen- 
dent meridians. However, since the choices of longitudes and meridians are 
not canonical in general, an isomorphism of cord algebras of neighborhood 
equivalent graphs may not fix the base ring. 

One can also generalize the framed knot DGA to spatial graphs by using 
the formulation from Section 12.41 Note that a diagram of T with, say, n 
crossings will have n — g + 1 connected components. The DGA for T has 
{n — g + l){n — g) generators Uij in degree 0, 2n{n — g + 1) generators bai,Cia 
in degree 1, and + n generators daf3,ea in degree 2; the differential is 
as in Section 12.41 where ^'f', now n x {n — g -\- 1) matrices and 

gj.^ (^Yi — g + 1) X n matrices. The proof that the DGA is invariant 
under neighborhood equivalence is identical to the corresponding (omitted) 
proof of invariance for knots under isotopy. 

By the definition of neighborhood equivalence, the cord algebra and framed 
knot DGA also yield isotopy invariants for any closed embedded surface in 
S"^ whose complement has a component which is a handlebody; simply con- 
sider the spatial graph given by the core of the handlebody. In general, 
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any embedded surface in (or immersed surface without dangerous self- 
tangencies) should yield a DGA and "cord algebra" from symplectic consid- 
erations, given by the Legendrian contact homology of its conormal bundle 
(Legendrian lift) in ST*M.^, but a combinatorial form for these invariants is 
currently unknown. When the surface arises as the boundary of a tubular 
neighborhood of a spatial graph, we conjecture that the DGA for the spatial 
graph defined above calculates the Legendrian contact homology of the lift 
of the associated surface. 

6.3. Virtual and welded knots in S^. The framed knot DGA extends 
easily to virtual knots (for definitions, see e.g. [lOj)) the formulation 
in Section 12. 4[ The definition of the invariant from Section 12.41 carries over 
wholesale, with the clarification that only actual crossings contribute; if 
there are n non- virtual crossings, then they divide the diagram of the knot 
into n components, each going from undercrossing to undercrossing, some 
of which may pass through virtual crossings. In particular, the cord algebra 
can be defined for virtual knots as for usual knots, with the added stipulation 
that endpoints of cords can move unobstructed through virtual crossings. 

Both the cord algebra and the framed knot DGA constitute invariants of 
virtual knots. In fact, they are invariants under a weaker equivalence, that 
of welded knots [18]. The fact that the cord algebra gives an invariant of 
welded knots essentially follows from the proof that it gives an invariant of 
usual knots; one can also verify that the framed knot DGA is also invariant 
by checking the virtual Reidemeister moves and the relevant "forbidden" 
move, along the lines of the discussion at the end of Section 12.41 We omit 
the details here. 

The extension of the framed knot DGA to welded knots is closely related 
to an extension of the braid homomorphism (p from Section [2]3] to the welded 
braid group [Tl] . The welded braid group WBn adds to the usual braid group 
Bn (with generators a set of generators {t/c}^~J, and relations r| = 

Ij 'T'kTk+lTk = Tk+lTkTk+l, T/cTfc+iCrfc = Crfc+iTfcTfc+i , akfTk+l^k = Tk+l(^k<^k+l, 

and TkTj = TjTk, (JkTj = TjGk for \k — j\ > 1. Now define cpr^^ '■ -^n — *■ to 
act on generators aij by replacing the index k whenever it appears by fe + 1 
and vice versa. It is easy to check that the relations in WBn are satisfied 
and hence 4> descends to a homomorphism WBn — > Aut^„. Any welded 
knot is the closure of a welded braid, and one can use (p to give an alternate 
definition for the framed knot DGA of a welded knot. 

We remark that the fact that the framed knot DGA extends to welded 
knots suggests that it may be related to knot quandles or racks. Indeed, 
one presentation [12] of the fundamental rack of a framed knot K involves 
homotopy classes of paths in \ K from a fixed base point in to a 
parallel copy of K. By comparison, one can define the cord algebra of K to 
be generated by paths in S^\K beginning and ending on a parallel copy of 
K, and a cord is then a juxtaposition of two elements of the fundamental 
rack. The defining relations for the cord algebra can be expressed in terms 
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of the binary operation on the fundamental rack, at least if we set A = 1 in 
the cord algebra. A more precise correspondence between the cord algebra 
and the fundamental rack currently remains elusive, however. 

6.4. 2-knots in M'*. Definition 12.11 yields a definition of the cord algebra 
for embedded surfaces (2-knots) in which extends the cord ring from the 
appendix to [16]. We claim that this invariant is highly nontrivial. Let K 
be a knot in M^, and denote by K the spun knot (topologically S"^) in M'* 
obtained from K. Then 7ri(M4 \ K) = ■Ki{m? \ K), and Hi{dvk) = Z is 
generated by the meridian m oi K. 

It follows that the cord algebra of K is the tensor algebra over 'L[^^^] 
freely generated by iti{S'^ \ K), modulo the relations ([T]) and ([3]) from Def- 
inition 12.21 In other words, its defining relations are the same as those of 
the cord algebra of K, but without [7/] = [/7] = A [7]. Equivalently, the cord 
algebra of K is the cord algebra of any long knot whose closure is K. 

Using this formulation, one computes that the cord algebra of the unknot- 
ted in R'* (the spun unknot) is the base ring while the cord algebra 
of the spun trefoil (with either chirality) is ((x — — l)(/^a^ + 1))- 
Some indication of the strength of the cord algebra for spun knots comes 
from the following generalization of \16\ Prop. A. 6]. 

Proposition 6.1. The cord algebra distinguishes the spun version of any 
nontrivial knot from the unknotted C M^. 

Proof. Let K he a nontrivial knot. The nontriviality of the ^-polynomial of 
K implies that for generic £ C*, there are at least two maps HCq{K) ® 
C ^ C sending ^ to /xq (and A to any nonzero complex number). It follows 
that there are at least two maps from the complexified cord algebra of K to 
C sending /i to ^q. This is not the case when K is the unknot. □ 

It appears that the cord algebra may constitute an interesting invariant 
for twist-spun knots as well, though computation of the cord algebra for 
twist-spun knots might be a bit more involved than for spun knots. 
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